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PROCESSOR: 


•1* 


Olf  A  CLASS  OF  OAMBS 

Samel  K&rlln 

The  purpoee  of  thla  zkote  la  to  daaoribej quail tatlrely  tha  nature  of 


optlaal  atrate^aa  for  a  x«70ff  kernel  K(x,7)  defined  on  the  unit  aquare 
aatlafylng  0  with  n  partial  derlTatlraa  takan  with  reape< 

to  y.  -Wa  -pi'aaent  a  oooplete  aiKdyala  for  Eowdlrer,  tha  nethod 

oaiployBd  eaally  eztanda  and  -wdldk-  aonhler  —a ,  by  emaieratlnc  oaaea,^-t#— 

_amljFse''the  altoatlon  for  general  n.  Spaolfloally,  m  aheep  that  for 

^  A 

a  ■  3  and  a  «  t  tha  aazlnlxlag  player  haa  optlaal  atrataglaa  In- 
▼olrlag  reapaotlTwly  at  aoat  3  polata  aad  at  aoat  k  polata  of  iaeraaae. 

For  general  a.  It  oaa  be  ahovn  that  the  maxlalslag  player  haa  optlaal 
atmteglea  ualag  at  aoat  a  polata.  For  tha  alnlnltlag  player  the 
atatenaat  of  the  nature  of  an  optlaal  atratagy  la  aora  preolae.  There 


aleaya  ozlat  for  the  geaeral  oaae  optlsaal  aolutloaa  ualag  at  aoat 


polata,  with  tha  utkiaretaadlag  that  tha  end  polnta  0  or  1  when  naad 
aure  aaoh  oounted  only  half.  For  eseoaple  when  a  la  odd,  than  la  a 
half  Integer  aad  hanoa  aaat  me  a  alagla  and  point  If  a  fall  optlaal 
atratagy  enlata  enploylag/^^  polnta.  Thla  oouatlng  prooadnre  appllea 
only  to  tha  alnlalslag  atrataglaa.  (  )'^ - - 

^1.  Optlaal  atmteglea  for  player  U. 

We  aaataM  throughout  thla  aeetloa  that  E  Jz>y)  >0  In  the  unit 

y. . .y  ~ 

aquare  with  n  partial  darlwatlTea  taken  with  reapect  to  y  and  that  E 

th 

poaaeaaea  contlauoua  a  partial  derlvatlvea. 


/ 
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Lesaaa  1.  If  K_  „(i,y)  >  0,  then  there  exlete  an  optimal  atratogj' 

— — —  y  •  •  •/  *" 

for  plnyor  II  vlth  at  most  |  points  of  increase. 

Eo«arlc  1.  It  is  sufficient  to  proTO  Le«sa  1  vhen  K  v(*»y)  >  ^  >  0. 

Indeed,  if  v®  perturb  K  by  K“(x,y)  =  K(x,y)  +  ^  L(l,y)  vhero 

L  (x,y)  >  S  >  0,  then  K“(x,y)  conrerges  \mlformly  to  K(x,y)  and 
y . .  .y 

fx.y^  >  -  ^  >  0  for  each  n.  The  function  L(x,y)  can  bo  chosen 
y...y'  -  n  - 

to  be  an  n^^  degree  pol;paaalal  in  i  and  y  vith  the  coefficient  of  y^ 

a  strictly  positive  polynomial  for  X  ranging  In  the  unit  interval.  Each 

kernel  possesses  an  optimal  solution  for  player  II  of  at  most  ^ 

points  in  the  spectrum.  We  can  select  a  limit  distribution  vhlch  also 

Involves  at  most  ^  points  of  increase.  Glmllarly,  let  F  denote  any 

limit  distribution  of  optimal  strategies  of  the  games  K“(x,y) .  It 

follovs  easily  that  G  and  F  ore  optimal  strategies  for  players  II  and 

o 

I  respectively  for  the  gome  vlth  kenel  ir(x,y)  . 

Proof  of  *  1.  In  vlev  of  rosark  1  ve  may  oseumo  that 
K  (x,y)  >  0  for  x,y  traversing  the  unit  square.  Let  F^(x)  denote 
an  optimal  strategy  for  player  I,  then  the  hypothesis  and  bounded  convergence 

easily  yields  that  h(y)  »  K(x,y)dF^(x)  has  h^“^{y)  >  0.  This  Impllss 

o 

that  h(y)  can  achieve  u  value  at  most  n  times  since  othervlse  there  ezis^;s 
a  y^  with  h”(y^)  =  0.  Consequently,  the  minimum  m  of  h(y)  can  only  be 
achieved  at  moat  ^  times,  end  points  being  counted  half  as  described  in  the 
Introduction;  for  othervlse  m  ♦  fe  with  fc  sufficiently  smell  would  be  taken 
on  at  least  n  ♦  1  times.  Since  an  optimal  strategy  for  the  nlnlmlting 
player  can  only  conoentmte  at  these  points,  the  conclusion  of  the  leema  is 


now  evident. 


The  oaae  n  >  1  jloLls  a  saddle  iwlnt.  In  fact  if  denotes  a 

point  irtiere  K(x^,0)  «  mx  K(x,0)  ,  then  it  is  easily  xerified  that  x  = 
and  y  ■  0  is  a  saddle  point. 

Laia  2.  Let  X  be  oonpact  euad  Y  an  n  diaansional  slnplex.  If 
M(x,y)  is  a  oontimums  payoff  kernel  defined  on  1x1  vhioh  for  each  x 
is  a  conrex  fiinction  in  y,  then  there  exists  an  optiaal  stnte^y  for 
player  I  inrolving  at  nost  n  -f  1  jwints  of  increase. 

This  leona  ooaprises  the  essential  restilt  of  [  l]  .  For  a  aore  direct 
and  iUiaalnatin^  proof  see  a  foirthecsilnK  paper  by  the  author  on  the  general 
theory  of  infinite  gaaes. 

The  content  of  leena  2  contains  the  case  of  n  >  2  being  analyzed 
in  this  paper.  Player  H  has  a  pure  optimal  strategy  vhile  player  I  possesses 
an  optinal  solution  using  at  nost  2  points  in  its  speotraii. 


Optinal  strategies  for  player  I  vith  n  - 


Throughout  this  seotion  ve  asstiae  that  K  fx.ri  >  0  and  ve  establish 


the  foUovlag  theoi 

Theoran  1.  If  K  possesses  oontinoous  third  partial  deiriTatives  and 
Kyyy(x,y)  >  0  for  0  <  x,y  <  1,  then  player  I  has  an  optinal  strategy  F 
vlth  at  nost  3  points  of  increase. 

The  proof  of  this  theoren  will  consist  in  analyzing  the  Tarlous  possi- 
’blllties.  It  is  no  loss  of  generality  to  suppose  that  K^^(x,y)  >0.  /\n 

argnsent  analogous  to  that  used  in  reaark  1  establishes  this  fact.  Moreo-rer, 
any  optinal  ninlnlzlng  strategy  in-volres  at  nost  ;/2  points.  The  Tarious 
possible  ninlnlzlng  strataglea  are  therefore  of  the  foUoving  fozns,  vhere 
I  denotes  a  pure  distribution  vlth  full  weight  at  y:  (a)  ol  -f  (l<*a)I 
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vlth  0  <  7o  <  1»  W  ♦  (l-a)Ii,  (o)  I  vlth  0  <  <  1, 

(d)  and  («)  Ii.  TbB  rtrat®«le«  Ustod  aboT«  freaant  aa  «aawratlc« 

of  all  tlkB  poMl'ble  vay*  of  obtolalna  1,  or  1  point*,  vlth  tha 

szoeptlon  of  ooe.  It  renalse  only  to  abov  why  on  optlaal  atmtegy  of  the 
fora  oti  ♦  (l-at)Ii.  with  0  <  y  <  1  cannot  ooour. 

(A)  In  fact.  If  F(x)  1*  optlnal  for  player  I,  then  H(y)  »  J  K(x,y)dF(x) 

e 

haa  the  propertiea  that  h(l)  ■  ^  >0* 

Thla  lapUea  that  h  i*  coarax  In  the  neighborhood  of  y^  where  h  attain* 

a  and  further,  aiaoe  h(l)  •  t,  that  h  la  ooncaTe  at  yi  >  7^* 

Thna  h"(y^)  >  0  awl  h"(yi)  <  0.  But  alnee  hHfy)  >  0,  It  followo  that 

h"(y)  la  laereaalng  vhlch  1*  Inconpatlble  with  the  preceding  reaark. 

1 

In  genaral,  ecoe  the  yield  h(y)  «  /  K(x,y)dF(x)  la  oonrar  then  It 

o 

cannot  torn  back  and  becene  cancawe. 

To  eatabllah  the  aaaertlon  of  Theorm  1,  we  ahnll  ahew  for  each  of  the 

poaalble  foraa  of  an  optlnal  aolutlon  for  player  II  that  player  I  poaseasee 

an  optlwal  atrategy  of  the  dealred  type. 

Caae  fa) .  Jlwee  -  al^  ♦  ^  optlnal  for  player  II,  any 

^  o 

walne  x  eeourrlng  with  poaltlre  probability  In  an  optlnal  7  atrategy 
■Mt  Inpiy  tint  K(x,y)dO  (y)  ■  t.  Lot  I  be  the  aet  of  all  x  far 

1  o  ° 

which  S  K(x,y)dG  (y)  -  t.  Brldently,  the  aet  Z  la  ecaveet.  Wo  now 
o 

iatrodwse  tlw  foUevlng  auxiliary  gane  defined  for  x  in  Z  and  z  ranging 

orer  a  2  dlnenalenal  slnplex  z  epewaad  by  Zi,  za,  and  Zg .  For  x  In 

Zf  aet  M(x,Zi)  •  where  ti  1b  the  walue  at  1  of  the  tangent  line  to  K(i,y)  a' 

y^,  M(x,Z2)  »  T2  -  t,  whore  wi>  la  the  walne  at  0  of  the  tangent  lino 

to  K(x,y)  at  y^,  awl  M(x,i3)  -  K(x,0)  -  t.  Extend  M(x,z)  linearly 

OTor  z  for  each  x.  It  la  oaay  to  rerlfy  that  the  hypotheal*  of  leena  2 

are  aatlafiod.  /'Oao  If  F  la  optlnal  for  the  gene  K(x,y) ,  then 
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J'  M(x,»)dF(x)  E  0.  Therefore,  there  exlete  an  optin&l 

F*(  -  A  il  A2I  ♦  )  for  which  S  M(x,i)dr*(x)  >  value  >0. 

Xj  Xa  ^  Xa  j 

We  coailder  h(y)  -  J  K(x,y)aF*(x)  .  The  interpretation  of  the  gano 

o 

M(x,t)  shove  that  the  tangent  to  h(y)  at  y^  lias  above  v  at  0  pjad 

1.  Thus  h(y^)  >  T.  /vlso,  h(0)  >  v.  However,  since  Xi,  Xa,  and  Xa 

belong  to  I,  we  obtain  that  v  <  /  h(y)dG  (y)  -  f  d?*{x)  V’  K(x,y)dG^(y)  .  v. 

o  o  o 

This  yields  that  h(0)  -  =*  ^  hence  the  slope  at  h'(y^)  =0.  The 

argment  of  paragraph  fA)  shows  that  h(y)  Is  convex  at  y^  and  h(y)  >  v 
throv.^mt . 

lame  (h)  .  Let  X  consist  of  all  x  for  irtilch  v  »  y'  K(x,y)dG^(y) 

o 

where  Gg(y)  optimal  and  of  the  fora  +  (l-aE)Ii.  Bvldently,  X  Is 

ccjnpact.  Let  M(x,z)  be  defined  over  the  set  X  and  tlie  two  dimensional 

■  Inplez  t  spanned  by  ii,  Zz,  and  z^  defined  as  follows.  Put 

M(x,Zi)  -  K(i,0)  -  V,  M(x,Z2)  =  K(x,l)  -  V  and  M(x,»3)  -  -  Ky(i,l)  with 

M(x,-:)  extcx^od  linearly  over  z.  If  F^(x)  Is  any  optimal  strategy  for 

player  I  of  the  gano  corresponding  to  the  payoff  icomel  K(x,y),  then 

y'M(x,»)dw(x)  >0.  In  view  of  l«nsa  2  we  can  find  an  optimal  strategy  ?*(x) 

I  ~  -1 

using  at  most  3  points  x  In  X.  If  hfy)  -  y  K(x,y)dF*(x)  ,  then 

o 

h(0)  >  V,  h(r,  >  V  and  h’{l)  <  0.  Since  G^(y)  concentrates  only  at  0 

and  1  and  y^  dC  (y)  K(x,y)dF*(x)  =  v  wo  conclude  that 

o  °  o 

h(0)  =  h(l)  -  V.  Purtheraore  h’(y)  Is  negative  at  1  and  h’"(y)  >  0 
requires  therefore  that  hfy)  Is  greater  than  v  throughout  the  unit 
interval. 

Case  (c)  .  In  this  caee  an  optlnal  minimizing  strategy  exists  c  nosotratlng 
purely  at  point  y^.  Let  X  ocnprlse  all  x  where  Kfx,/^)  -  v.  Again,  we 

Introduce  the  auxiliary  g»e  M(x,s)  with  x  In  X  and  z  la  the  two 

dlneosional  simplex.  Put  M(x,Zi)  -  ♦  K^x.y^),  M(x,S2)  -  -  Kyx,y^),  and 
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=  E(z,0)  >  V  with  the  iisxial  linear  extension.  An  analogous 

reasoning  produces  an  optimal  strategy  ?♦(  ■  al  ♦  PI  ♦  dl_  )  vlth 

*1  *2  ^ 

y^'M(i,z)dF*(x)  >  0.  The  function  h(y)  ■  _/*  K(x,y)d?*(x)  has  tho 

X  o 

properties  that  h(y^)  ■  t,  ^'(Xq)  =  ^  and  h(0)  >  v  .  The  argunont  In 

(a)  and  h(0)  >  t  show  that  h  Is  conrex  at  y^  and  since  h(  0)  >  ▼  vo 

easily  find  that  h(y)  >  v  for  0  <  7  <  !• 

Case  (d)  .  The  fora  of  G  Is  I  .  We  select  for  X  all  z  where 

^  *  o  o 

K{XfO)  ■  T.  We  suhdlYids  the  analysis  of  (d)  Into  throe  subcases,  (di) 

Lot  there  exist  an  optimal  strategy  for  player  I  vlth  n{y)  =  V’  Kfx,y)d?^(x) 

o 

such  that  n( 0)  ■  r,  a(y)  >  v,  ra'^y^)  “  0  euid  ■'•(y^)  >  0  for  same  y^ 

vlth  0  <  y^  <  1.  Wo  define  M(x,t)  for  x  In  I  and  -x  in  Z  (tvo- 

d'menslonal  simplex)  as  follows:  M(x,Xi)  ■  ■»!  -  t,  where  Is  the  Talue 

at  1  of  ^he  tangent  line  to  tho  curve  K(x,y)  at  y^,  M{x,X2)  =•  vo  -  v, 

where  v?  is  the  value  at  0  of  the  tangent  line  to  the  curve  K(z,y)  at 

y^,  and  M(x,X3)  -  and  M(x,t)  linearly  extended  over  t.  Tt  le 

Immediately  verified  that  M(x,x)dF  (x)  >  0.  Lemma  2  thne  guarantees  on 

I 

?*(x)  =  xl  ♦  PI  +  ri  with  r  M(x,x)d7*(x)  >  0.  Let 

*2  X3  j  “ 

h(y)  »  J'  X(x,y)dr*(x) .  Tt  follows  that  h(0)  =  v,  h(y)  Is  convex  at 
o 

y^  and  the  tangent  lino  at  y^  to  h(y)  lies  ocmplstsly  above  the  horl- 

tontal  line  at  height  v.  Consequently,  the  whole  convex  portion  of  h(y) 

lies  above  v  and  simoe  h(0)  -  r,  va  got  throughout  h(y)  >  v.  This  is 

true  since  once  h( y)  Is  convex  It  cannot  became  concave  afterwards,  (see 

the  argtsxent  of  (a)).  (ds)  Suppose  there  exists  an  optimal  strategy  F^(z) 

suoh  that  m(y)  -  J'  K(x,y)dF  (x)  Is  concave  for  0  <  y  <  1  and  m(y)  >  v. 

o 

The  auxiliary  game  we  set  up  becomes  M(x,ti)  -  -  K  (x,l)  and 

0  w 

M(z,Z2)  "  ^  case  Z  is  ons  dimensional  and  we  can  find 
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an  optimal  ■trategy  F*  using  tvo  values  of  z  In  X  (the  values  X 

wliare  K(x,0)  -  t)  .  /ilso,  h(y)  =  K(x,y)<tF’*(x)  satisfies  h"(l)  <  0, 

o 

h(0)  ■  T  and  h(l)  >  v.  It  foUovs  easily  from  h’''(y)  >  0  ^ 

remains  caacaTe  throti^iout  the  Interval  and  hence  hfy)  >  v.  (dg)  If 
■(y)  Is  convex  at  0,  then  In  a  similar  aanner  It  Is  easy  to  find  an 
optimal  strategx  of  the  desired  type. 

Case  (e)  .  This  can  be  analyzed  similarly  to  ease  (d) .  Since  these  five 
oases  exhaust  all  the  possibilities  the  proof  of  Theoresi  1  is  now  complete. 


lU.  Optimal  strategies  for 


»r  I  irlth  n  ■  V. 


Throvighout  this  section  ve  asstau  that  >  0.  The  following 


result  Is  demonstrated. 

Theorem  2.  If  K  possesses  continuous  fourth  partial  derivatives  and 


Kyy^(x,y)  >  0  for  0  <  x,  y  <  1,  then  player  I  has  an  optimal  strategy 
with  at  most  k  points  of  increase. 


The  msthod  of  proof  of  this  theorem  Is  analogous  to  that  employed  in 
Tbeor--.a  1.  /\gain,  without  restricting  generality  we  nay  assuae  that 
K _ (x.y)  >  0.  Purthoris>re  on  optimal  strategy  for  player  H  involves  at 

yyyy 

most  ^  "  2  points.  The  various  possible  minimizing  strategies  are  therefore 
of  the  form  (a)  al  ♦  (l-a)I  ,  with  0  <  y^  <  yi  <  1, 

(b)  alj  ♦  (l-a)Iy  vlth  0  <  y^  <  1,  'c)  al^  +  (l-a)!^  with 

0  <  y^  <  1,  (d)  ♦  (l-a)Ii  (e)  1^  with  0  <  y^  <  1,  (f)  I^,  and 

(g)  Ii .  We  have  omitted  one  additional  possible  strategy  with  total  weight  2; 
namely  ol^  ♦  PI^  ♦  (l-a-P)Ii,  where  0  <  y^  <  1.  This  form  for  an  optlxsal 
strategy  la  not  possible. 

(B)  I}^eed,  let  us  suppose  that  player  II  has  an  optimal  procedure  of 
the  above  form.  Let  F„(x)  be  optimal  for  player  I,  then  m(y)  »  Y'  K(x,y)dF  (x 
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ha«  the  follovlag  proportlo«:  M(0)  »  v,  «(1)  .  v,  n(7j  *  ° 

*(j)  >  ▼  for  0  <  7  <  1.  It  foUovs  then  that  n  Is  convex  at 
vhlle  concaTs  at  0  and  at  1.  Thus  n’'(0)  0,  b”(1)  <0,  aai 

i»''(y^)  >  0.  This  contradicts  the  fact  that  m''(y)  is  convex  which  Is 
required  as  a' ' ’ *(/)  >0. 

We  shall  frequently'  uss  this  goneral  fact  that  a  yield  *(7)  of  any 

strategy  ?  l.e.  b{ y)  »  J  K(x,y)dF.'x)  cannot  be  concave  In  two 

o 

portions  and  coavex  In  between. 

The  proof  of  Theorea  2  will  consist  In  verifying  for  each  of  the  possible 
foms  of  the  optljial  strategies  for  player  II  that  an  optimal  strategy  for 
player  I  of  the  desired  type  exists. 

Case  fa) .  Let  the  alnlnlslng  player  have  an  optimal  solution  of  the 
fora  =  cxI  ♦  (l-r)!  ,  where  0  <  y^  <  yi  <1.  Let  the  set  X  consist 

J  Q  #1 

I 

of  all  X  for  which  J  K(x,y)dC^(y)  »  v.  We  construct  now  the  following 

o 

airxlllar;/  game  M(x,t)  defined  for  x  in  I  and  t  In  7.  where  Z  Is 
a  3  dimensional  simplex  spanned  by  the  points  Zi,  x^,  x^  and  S4 .  For  x 
In  X,  set  M(x,ti)  =  ▼!“▼>  where  v^  is  tlie  tangent  line  to  the  curve 
K(x,y)  at  y^  evaluated  at  0,  M(x,t2)  =  v2-v,  where  vg  Is  the  tangent 
lino  to  the  curve  K(x,y)  at  y^  evaluated  at  1,  and  .’!(x,t3)  and  M(x,*4) 
are  defined  similarly  In  terms  of  ciu’ve  K'x,7)  at  the  point  y^  .  The 
function  .M(x,t)  Is  defined  over  7.  by  linear  extension.  The  kernel 
M(x,z)  satisfies  all  the  conditions  of  lassna  2.  Furthermore,  If  F  (x)  Is 

'  O'' 

optimal  for  player  I  and  the  game  i:(x,7)  ,  then  .M(x,s)d?  (x)  «  0. 

X  ®  ' 

Lssasa  2  provides  an  optimal  strategy  F*(x)  with  at  most  U  points  In  Its 

spectrm  such  that  M(x,t)dF*(x)  >0.  Put  h(y)  •  Y'  Kfx,y)dF*(x)  .  The 

X  "  o 

optimal  nature  of  F*(x)  for  the  game  .M(x,i)  Implies  that  ths  tangsnt  lines 
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1 


to  h(3r)  at  and  yi  11®  ereryvhare  aboT®  th®  height  v.  Coaioquontly, 

>  V  and  h(yi)  >  ▼.  Henoo,  h(y)d{J^(y)  >  t.  But  since  erory  x 

o 

InTolvod  In  P*(x)  Is  Included  In  X,  we  coneluds  that 

^  dP*(x)  ^  K(x,y)dG  (y)  ■  ▼.  Thus,  My*)  ■  ^(yi)  ■  Thoirefore  also, 
o  o  ® 

b'(yQ)  =  li'(yi)  “0.  In  Tlov  of  the  rentai'k  (B) ,  we  deduce  that  h(y)  >  v 
throxighout  the  unit  Intez-ral. 


Cane  (h)  .  For  this  case  ve  construct  the  auxiliary  gane  oxer  X  and  Z 
follows:  The  xalues  of  M(x,ai)  and  Mfx.tj)  are  exactly  as  in  Case  (a)  . 
Put  M(x,ts)  ■  K(x,0)  -  V  and  Mfx^Xc)  »  ♦  K^(x,0)  and  M(x,2)  for  t  In 
Z  Is  defined  by  linear  extension.  The  set  X  consists  of  all  x  for  which 
y  K(x,y)dG^fy)  -  t  lAere  a^(j)  -  ♦  fl-«)I,  •  By  lesna  2  the  pane 

with  X  la  X  and  t  In  Z  has  an  optlnal  strategy  F*(x)  with 

at  most  4  points  of  Increase  such  that  ^  M(x,t)dr*(x)  >  0. 

This  glTss  for  h(y)  -  J  K(x,y)dF*(x)  that  h(0)  >  ▼  and  h(y  )  >  t. 

o  —  o 

It  can  be  deduced  In  a  similar  aaaner  to  case  (a)  that  h(0)  a  h(y^)  >  t  ani 
h*(y^)  •  0  while  h'(0)  >  0.  Vlth  the  old  of  ranark  (B)  ve  conclude  easily 
^*“■4  B(y)  >  T  for  0  <  y  <  1. 


Case  fe)  .  If  the  nlninltlng  optlnal  strategy  has  the  form  G 

o 


ntli  ♦  , 

^o 


then  an  argument  similar  to  that  employed  in  case  (b)  applies  hei*o  to  furnish 


the  desired  kind  of  optlnal  strategy  for  player  I. 


Cole  (d)  .  Lot  0^(y)  -  AI^  ♦  (l-ot)Ii  and  lot  X  consist  of  all  x  in 

the  unit  Interral  for  which  Y'  K(x,y)dC^(x)  ■  t.  Put  for  x  in  X 

M(x,2i)  =  K(x,0)  -  T,  M(x,*2)  -  Ky{x,0),  M(x,»3)  »  Ki'x,l)  -  V  and 

M(x,X4)  «  -Ky(x,l)  with  a  linear  extension.  Again,  one  can  flni  an  optimal 

strategy  ?*(x)  Inwolxlng  at  most  4  points  for  which  V'  M(x,t)d?*(x)  >  0. 

*  1 

It  follows  easily  for  h(y)  *  J  K(x,y)dF*'x)  that  h(0)  >  r,  h(l)  >  t, 

o  ~ 
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h'(0)  >0  ajkl  h’(l)  <  0.  Baiploylag  the  definition  of  X  yield*  that 
h(0)  «  h(l)  ■  T.  On  aooount  of  rasiark  (B)  It  follow*  that  h(y)  >  ▼  for 
y  in  the  ’inlt  Interml. 

Ca»e  (el  .  The  font  of  the  mlnlalzlng  solution  1*  I  with  0  <  y^  <  1. 

Ve  ■ubdlvldo  thl*  case  Into  four  suhcases.  (ei).  Gurt’ose  there  exists  an 

optimal  ?  (x)  for  which  m(y)  -  K(x,y)dF^(x)  1*  ccmrsx  for  all  y 

In  the  unit  Interral.  Let  X  he  cciaposed  of  all  x  where  KCXjJq)  = 

We  now  define  a  new  gome  H{x,r)  oror  X  x  Z  m  follow*.  For  x  la  X, 

set  M{x,ti)  -  ▼!  -  T,  where  Vi  1*  the  tan«e«t  line  to  the  curre  K(x,y)  at 

y  evaluated  at  0,  aal  M(x,t2)  -  Va  -  v,  where  va  1*  the  tan«*nt  line 
o 

to  the  curve  K(x,y)  at  y^  evaluated  at  1.  Flnmlly  for  the  se^aent 

*4]  which  we  choose  to  ho  the  unit  Interval  [o#lJ  >  ^  define 

M(x.z)  »  K  (x.t) .  Since  the  fourth  derivative  K  >0,  we  got  that  M(x,z) 

'  '  yy  JjJj 

is  convex  on  the  sequent  [^t3,  44 J  for  each  x.  The  function  M(x,*)  1* 

extended  linearly  over  the  jrost  of  the  simplex  Z.  It  ohvloi^sly  satisfies  the 

req^reoents  of  lenaa  2.  Furthensore,  the  nature  of  a(y)  implies  that 

M(x,4)dF  (x)  >  0.  On  aooount  of  lessaa  2,  wo  can  select  an  optimal  strategy 
X  ° 

F*(x)  which  Involve*  at  most  4  point*  In  It*  speotma  for  which 

M(x,»)dF*(x)  >0.  Let  h{y)  -  J  K(x,y)dl*(x)  .  An  Interpretation  of  the 
^  ”  o 

auxiliary  game  introduced  yield*  that  h''(y)  >  0,  h'(y^)  •  0  aiwi  ^(7^)  “ 

Consequently,  h(y)  >  v  for  0  <  y  <  1.  (oa)  .  Suppose  there  exist*  an  optimal 
strategy  F^(y)  for  which  a(y)  =  J  K(x,y)dF^(x)  1*  concave  at  0.  The  sot 
X  is  chosen  as  we  did  before  for  (ex).  We  construct  M(x,ti)M(x,*2)  as  before 
while  M(x,r3)  »  K(x,0)  -  v  and  M(x,t4)  -  -X^(x,0)  with  M(x,t)  extended 
linearly  over  Z  for  each  x  In  X.  An  optimal  strategy  using  at  most  4 
points  for  the  game  oorrespooding  to  M(x,x)  turns  out  to  bo  an  optimal  pro¬ 
cedure  also  for  2(x,y) .  The  detail*  are  similar  to  the  preceding  oa***.  A 
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•jmetrloal  e..*guBant  tedcM  car«  of  the  poaelhllltj  vhen  ■(/)  1«  oca»oaTo 

at  1.  (03)  .  Ve  aMxate  nov  that  there  exlata  an  optlaal  atrategy  F^(7) 

•"U. 

for  vhlch  m(7)  -  J  K(x,y)dF^(x)  haa  the  following  propertiea: 

o 

m'(y^)  •  0,  *(3^0^  ®  fo**  0  5  y  5  there  exlata  a  0  <  yi  <  y^ 

for  vhlch  ■''(yi)  >  0  awd  tt'(yi)  ■  0.  Let  X  cooprlae  thoae  x  for  which 

K(x,y^)  ■  T.  Let  Z  be  a  U  dlnenalonal  alaplex  apaxmed  by  X2,  *3#  tt 

and  X3.  Let  for  x  In  I  M(x,Xi)  and  M(x,X2)  be  glren  aa  before.  -Uao, 

put  M(x,X3)  •  V3  -  V,  where  la  the  tangent  line  to  the  ourre  K(x,y) 

at  yi  eTaluated  at  0,  M(x,X4)  =.  T4  -  t,  where  ^4  la  the  tangent  line 

to  the  c^arve  K(x,y)  at  yi  evaluated  at  1,  and  M(x,X5)  -  Kyy(x,yi)  . 

Purthemore  M(x,x)  la  extended  linearly  over  Z.  It  foUowa  eaally  that 

^  M(x,x)dF^(x)  >0.  Wo  now  verify  that  the  optlaal  atrategloa  for  player  II 

for  the  goae  with  payoff  M(x,z)  cannot  poaaeaa  an  Interior  pxtre  strategy  I^  . 

‘o 

Otherwlae,  S  M(x,x)dP^(x)  -  0  for  It  la  alaple  to  ahow  that  the  value 
la  xero  and  therefore  m(y)  ■  y^K(x,y)d?^(x)  aatlaflea  a(y)  >  v  throughout 

axxi  Bi(yi)  -  T,  B'(7i)  -  0  and  B"(yi)  -  0  which  ccotradlcta  the  aaaioqptlon 

made  on  b(7)  .  In  view  of  [  1  ]  and  the  oorollar7  to  theoren  k  ot  {_2]  ,  ve 

can  coaelude,  alaee  I^  la  on  the  boundar7  of  Z,  that  there  exlata  an 

o  1 

optlaal  atrateg7  P*(x)  using  at  most  h  points.  Lot  h(7)  -  J  K{x,7)dP*(x)  . 

o 

It  follows  that  h'{7^)  -  0,  h(7^)  »  v,  the  tangent  line  to  h(7)  at  yi 
lies  above  v  for  0  <  7  <  1  and  h(7)  la  convex  at  71 .  5ov  with  the  aid 
of  reauurt  (B)  It  la  eaay  to  ahow  that  h(7)  >  v  throu^ioat  the  unit  Interval. 

A  ayaaetrloal  argoMiit  works  If  the  loops  of  a(7)  tales  place  on  the  side 
toward  1. 

It  rnaalna  0BI7  to  oeosldar  tha  case  whara  ^(7)  >  J'  K(x,7)dF^(x) 

saaa  propertlas  as  In  (03)  except  that  71  ■  0.  Ve  then  define 


itlsflas  the 
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M(x,Zi)  and  M(x,ii2)  as  befora  vhila  M(x,i3)  =  K(x,0)  -  ▼  and 
M(x,£4)  ■  K  (x,0)  vlth  X  any  point  In  th®  ■«!  X  wh«r«  K(x,y^)  =  r. 

y 

A  slnple  analysis  vltli  the  help  of  the  game  M(x,*) ,  shovs  In  this  cireumstaaoe 

the  existence  of  an  optimal  strategy  of  tho  deslrsd  kind. 

(d.*)  Tho  final  case  cons  lets  of  a  solution  suoh  that 

®(y)  ■  _/'  K(x,y)dF  (x)  is  oonrex  at  y^  and  at  0  In  suoh  a  way  that 
o 

n'(0)  >0.  The  atxxlllary  game  used  here  Is  the  same  employed  In  oase  (h)  . 

/m  optimal  strategy  F*(x)  using  at  most  U  points  exists  with 

h(y)  =  y"K(x,y)dF*(x)  such  that  h'(y^)  ■  0,  h(y^)  =  t,  h(0)  >  0  and 

h'(y^)  >0.  It  follows  on  account  of  A)  that  h(y)  >  t  In  the  unit  Interral. 

A  syasaetrloal  analysis  applies  If  in(y)  la  convex  at  1  with  a'(y)  <  0. 

Case  (f)  and  Case  (g)  .  Tho  arguments  for  these  two  oases  are  similar 
to  the  preceding. 

Tho  proof  of  theorem  2  is  now  ccnplete  In  view  of  tho  fact  that  ve  have 
treated  eTory  possibility.  It  Is  interesting  to  note  that  tho  proof  of 
Theorem  2  Introduced  some  now  techniques  in  order  to  exhibit  the  desired 
strategies.  In  particular,  wo  emphasize  the  proof  of  case  (o) . 

In  a  future  paper  we  Intend  to  present  a  generalization  of  this  insult 
to  the  case  where  x  ranges  over  a  compact  space  and  y  traverses  a  k 
dimensional  set  with  the  oondmon  K  ^(*,y)  >  0  replaced  by  the  requlresiont 
that  tho  n^  term  of  the  Taylor  expansion  in  y  should  be  non-negative .  Also, 
the  question  of  imlqueness  of  the  set  of  optloial  strategies  can  bo  analyzed. 


7 
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^  '  •  DliMP«lonal  rolatloM . 

In  tills  section  we  ^nal^xe  further  properties  of  the  optimal  etrategles 
for  the  tvo  cases  considered  in  sections  5  deal  first  vlth  the 

ca"  whore  K  (3c»y)  >  0  .  Here  any  optimal  alnlnlzlng  strateg:*  nuet  he 

yyy 

confined  at  most  to  tvo  points,  0  and  y^  or  0  and  1  ,  and  wo  can 

therefore  speak  about  the  dlaonsl  n  of  the  set  of  solutions  for  the  mlnlmlrlng 

players.  The  tvo  possible  cases  are  0  and  1  dimensional  sets.  If  the 

spectrum  for  the  optimal  mlnlmirlng  strategies  Is  restricted  to  one  point, 

then  clearly  the  solution  Is  unique  for  placer  IT. 

Case  f  a^  .  Let  us  suppose  that  player  II  has  a  one  dimensional  set  of 

optimal  strategies  mixing  the  p\ire  strategies  0  and  y^  ,  with  0  <  y^  <  1  . 

There  exist  at  least  tvc.  optimal  strategies  of  the  form  G  ■  /I  ♦  (l-A)! 

and  G'  =  A'l  +  (1-  A')I  with  A'  A  •  consider  the  set  X  of  all 
°  ^o 

X  for  which  /  Xfx,y)dG(y)  =  /  K(x,y)dG'(y)  =  v  .  Explicitly,  vo  obtain 

a[k(x,0)-t]  +  (1- A)[K(x,y^)-v]  -  0 
A'[k(x,0)-t]  +  (1-  A')[K(x,y^)-v]  -  0  . 

;jB  A  ^  ,  ve  find  that  K(x,0)  «  K(x,y^)  =  v  .  Wo  now  construct  the 

auxiliary  game  where  z  consists  of  a  one  dimensional  simplex  spanned  by 
Zi  and  zz  .  Put  for  x  In  X  M(x,Zi)  =  -Ky(x,yJ  ,  M(x,Z2)  o  Ky(x,y^) 

and  let  M(x,x)  be  defined  on  the  resmlnlng  points  of  t  by  linear  extension. 
There  exists  an  optimal  7**  using  only  tvo  points  at  most.  In  view  of  the 
nature  of  X  it  Is  easily  rerlfied  that  F*  Is  an  optimal  strategy  for  the 
game  given  by  E(x,y)  . 

Case  (b) .  We  assume  that  player  II  has  a  one  dimensional  set  of  strategies 
using  only  the  points  0  and  1  .  It  can  be  shown  as  above  that  there  exists 
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an  optimal  Mflxlmlzlng  atratogy  oonjalatln^  of  at  moat  tvo  pointa  of  increaae. 

We  haTo  tltua  doaonatrated  the  foUovin^  theoram: 

Thaorai  3.  If  K  aatlafloa  K  (x,y)  >  0  and  player  II  poaaessoa  a 

i*77 

one  dimenalonal  aet  of  optimal  atrateglea  than  player  I  can  find  a  solution 
using  at  most  tvo  points  of  increase. 

In  a  similar  manner  ve  oan  obtain 

Theorem  4 .  If  K  satlsflea  K  (x^y)  >  0  and  player  II  posaossoa  a 

yyyy 

one  dlmerBlonal  aet  of  optimeil  strategies,  then  player  I  can  find  an  optimal 

strategy  vlth  at  most  three  points  In  the  speotrua. 

ETory  case  la  easily  handled  hut  one.  3uppose  the  minimizing  strategy 

has  a  one  dimonslonal  set  of  solutions  xislng  y^  aiwI  yi  vlth  0  <  y^  <  yi  <  1 

Let  X  consist  of  all  x  vhoro  K(x,y^)  =  K(x,yi)  *  v  .  Ijo.  argisrant  as  in 

Theorem  3  shovs  that  these  eire  the  only  points  x  vhloh  need  he  considered. 

Wo  construct  the  follovlng  auxiliary  gome  defined  over  X  and  t  vhere  z 

is  a  tvo  dimensional  simplex.  Put  M(x,Zi)  =  the  tangent  line  to  K(x,y)  at 

y^  evaluated  at  1  minus  the  tangent  line  to  K(x,y)  at  Yi  evaluated  at 

1  .  M(x,Z2)  =  the  same  as  above  except  the  evaluation  takes  place  at  0  and 

yg+yi 

il(x,Z3)  =  the  tangent  line  to  K(x,y)  at  yi  evaluated  at  — minus  v  . 

If  F  Is  optimal  for  the  game  corresponding  to  K(x,y)  then  ./^ M(x,y)dF(x)  -  0  . 

X 

Th-us  loBOia  2  provides  an  optimal  strategy  using  at  most  5  points  of  X 

vlth  y’M(x,y)dF’^>  0  .  One  can  ecMlly  verify  that  F  ^  la  optimal  for 
K(z,y)  .  This . oompletee  the  proof. 

In  the  gSBoral  case  where  K  ,  ^  ._(x,y)  >  0  for  n  partial  derivatives 

y  y 

with  rorpeot  to  y  ,  it  oan  he  shown  that  if  ths  y  player  has  a  k  dlmen- 
slozkal  het  of  solutions,  then  the  x  player  oan  find  an  optimal  strategy 
Involving  at  moat  n-k  pointa  in  its  spectrum.  We  omit  the  proof  since  It 
is  only  long  and  tedlotis. 
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^  6.  An  applloAtion. 

Ve  oloae  this  nota  vlth  an  applloatlon  of  Theorens  1  and  2  to  a  olass 
of  aatrlces .  First,  It  la  Important  to  nota  that  the  conclualona  of  Tbaorvau 
1  and  2  reaaln  ralld  vfaan  x  traTersea  anjr  oosipaot  set  and  vhere  j  ranges 

orer  the  unit  Intarral.  We  consider  nov  a  olass  of  matrloes  .)  ^  i  ^ 

^  J 

y 

1  5  J  5  satisfying  the  requirement  that  A  a  >  0  for  each  1  where  k 


J 


IJ  - 


Is  a  fixed  Inte  Integer.  It  Is  easy  to  show  that  If  there  exists  a  finite 
sequence  of  ntsihers  a^  (r  =  0,  1,  m)  idilch  satlsy  >  0  for  each 

r  ,  then  the  function  f(y;  defined  as 


f(rA») 


0,1,  .  • . , 


and  defined  hy  linear  interpolation  between  the  sueoesslrs  Talues  of  r/ti, 

Ir 

possesses  the  property  that  A  f(y)  >  0  with  the  difference  Increment  taken 
to  he  1^.  Ve  perform  this  extension  for  erery  row  of  the  matrix  wnd  we 
secure  a  function  S(x,y)  with  x  ranging  ower  a  finite  number  of  points 
1-1,  ...,  n  and  y  orer  the  unit  Interral.  The  ooneluslons  of  Theoreai 
1  and  2  remain  ralld  for  such  a  setup  where  k  differentiations  with  respect 
to  y  are  replaced  by  a  process  of  k  differences.  Consequently,  ve  can 
find  optimal  strategies  of  the  game  K(x,y)  for  player  I  and  II  using  at 
moot  k  points  and  k/2  points  respectlrely.  Duo  to  the  linear  nature  of 
K(x,y)  any  point  y^  oan  bo  obtained  as  a  conrox  oomblnatlon  of  two  raluee 
r/m  <  <  r+l/m  with  X(x,y^)  -  AK(x,r/W)  ♦  (l-A)K(x,r+l^)  .  Thus  In 

terms  of  the  original  matrix  both  players  I  and  II  possess  solutions  employing 
k  at  most  k  rows  and  k  columns . 

Theorem  5.  If  a^  ^  Is  a  matrix  ouch  that  for  each  1  ^i^a  >  0  for 

1 J 

all  J,  then  both  players  have  solutions  using  at  most  k  rows  and  ool^mmo 
respectively. 


Finally,  VO  reaark  that  all  the  analogous  results  hold  for  the  situations 


where  K  (x>y)  <  0,  K  (*»y)  >  0 

y.  •  .y'  '  —  '  X***X'  ^  ""  X 


,(x,y)  >  0  . 

•X 
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